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SUMMARY

Viscousself-inducedpressureson 3° -s emivertex-angleconeswere
measuredovertherange3.7< free-stresmMachnumber< 5.8andO.5 <
tiscous-interactionparsmeter< 2.3. Thedatawerefoundtobe ingood
agreementwithresultsobtainedby Talboton5° conesinthersnge

$ 3.7< free-stresmMachnwuber< 4.1snd0.9< viscous-interactionpa-
g rsmeter<3.5. Allthesedatawereccmrelatedreasonablywellby the—

viscous-interactionparsmeter,whichisdefinedas ‘& . M&’~K,
where ~ and Re% aretheMachnunherandReynoldsnumberbasedon
ideslTaylor-Maccollflowconditionsand C istheChapmm-Rtibesin
factor.

A newmethodforcalculatingself-inducedpressuresispresented
whichtakesintoaccounttheinteractionbetweenboundary-layergrowth

● andtheinviscid-flowfieldat theouteredgeoftheboundarylayer.
Pressurescalculatedby thismethodwereonly10to 20percenthigher
thanthe

●

The

measuredvalues.

INTRODUCTION

fluid-dynsmicandthermodynamicphencmenaassociatedwithflight
at lxwersonics~edshavebeenthestibjectof intensiveresearchinre-
cent-~ears.In-thisresesrchoneproblemthathasreceivedconsiderable
attentionistheproblemofthe1’self-induced-pressure’teffect,whichis
oneaspectofa broaderclassofphemnenathatcanbe describedas
“vi8co~-fiteraction”phenomena.

Theself-induced-pressureeffeetccmesaboutinthefollowingway.
At hypersonicspeedstheboundarylayerswhichdeveloponbodiesare,
becauseofthelargetemperaturedifferencesgeneratedthroughthem,many
timesthickerthanthosewhichareproducedat lowspeeds.Sincethe
densityofthehotgasina hypersonic
massfluxwithintheboundarylayeris
thicklayerofhotgasadJacentto the
outwarddisplacementof streamlinesin-

boundarylayeris
small.Thus,the
surfaceofa body
theflowexternal

.

very low, the
presenceofa
resultsinthe
tothelayer;

.
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thisoutwarddisplacementcanbe regardedas equivalenttoan effective
thickeningofthebody(seefig.1). Itcaneasilybe seenthatthis .
thickeningwillresultinincreasesinpressureintheflowexternalto
theboundarylayer,andbecausethepressureintheefiernalflowis
transmittedessentiallywithoutchangethroughthebounda~layer,the
pressuresonthesurfaceofthebodywilllikewisebe increased.The
differencebetweentheactualsurfacepressureandthatcalculatedby
inviscidtheoryneglectingtheboundaryLayeriscalledtheself-induced
pressure.

*
Althoughthefundamentalmechanismresponsibleforself-inducedpres- E4

suresiswellunderstood,theanalysisoftheeffectisrathercompli-
cated.Themagnitudeoftheself-inducedpressureisdirectlyproportion-
altotherateofgrowthoftheboundarylayer.However,thegrowthof
theboundarylayerisdeterminedby thepressure,Machnumber,andso
forthintheflowattheouteredgeofthelayer,andthevd.ues ofthese
quantitiesdependonthemagnitudeofthedisplacementeffect.Itis
seen,therefore,thattheproblemunderconsiderationisa complexinter-
actionphenomenoninwhichtheboundsry-lsyerhistoryplaysanimpor-
tantrole. Itwillalsobe recognizedthatthemsgnitudeofthephenomenon
ismoresignificantforthinbodiessuchas flatplatesandslendercones
thanforthickbodies,sinceforthinbodiesthechangesineffectivege-
cmnetryduetoboundary-layergrowthwillbeproportionatelylarger.

Theparticularproblemconsideredinthisreportistheeffectof
self-inducedpressureona slendercone.

●

Inthefirstpartofthere-
portnewdatasrepresentedforpressureson3° semivertexanglecones.
Thetwoappendixesdiscussseverslof theanslyseswhichhavebeenpro- b
posedforpredictingtheeffectandpresenta newmethodofcalculating
self-inducedpressures.

ThisinvestigationwascarriedoutattheUniversityofCalifornia
underthesponsorshipandwiththefinancialassistanceoftheNational
AdvisoryCommitteeforAeronautics.

SYMBOLS

c Chapman-Rubesinfactorinrelation(lJ/lJ2)= C{T/T2)

d diameterofpressureorifice

~ similarityparsmeter,M16C ‘

~ similarityparsmeter,M1e2

M lkchnumber

P staticpressure
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Reynoldsnuuiber

radislCM.stsace

conersdius

gastemperature

measuredoutwardfromconeaxis

bluntnessof conetiporthicknessofleadingedgeofplate

gasvelocity

distsncemeasuredfromvertexalongconesurface

distancenormalto conesurface

ratioof specificheats

boundary-layerthiclmess

boundary-l- displacementthickness,p“ ~ - (Pu/P2.21d.Y

displacementthiclmess

conesemivertexsngle

streamlineinitiation

ec+efj

mesafreepath

absoluteviscosity

kinematicviscosity

gasdensity

Prsndtlnmber

UC) ~ J

on cone,correctedfortransversecurvature

()-1 d5*atouteredgeofboundsrylayer,tan ~

viscous-interactionparmeter,Mc3~’

Subscripts:

aw adiabaticwell
. c ideslflowconditions

w wallconditions.
A propertyevaluatedat

alongsurfaceof coneobtsinedfor x+”

distsnceA fromWSSL
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1 tiee-stresmconditions

2 conditionsat outeredgeof coneboundarylayer,takentobe ftznc-
tionsof x

ExsmplesofthenotationusedforthevariousReynoldsnumbersare:
Re2/i.nch= u~u z, Retl= U+19 and Rex = ucx/vcc

PREVIOUS12xPER~ RESULTS

Theonlydatawhichhavebeenavailableup tonowforviscousin-
teractingflowovera coneseemtobe fromtheexperimentsofTalbot
andBaldwin(refs.1 and2,respectively).Tslbotobtainedhisdatain
theLow-DensityWindTunnelof theUniversityofCalifornia.Histests
werecsrriedouton5°-semivertex-smglecones,intheMachnumberrange
3.7<Ml < 4.1,sndatReynoldsnu@erswhichcorrespondedtotheviscous-
interaction-parsmeterrange0.9<~ <3.5. Baldwinobtaineddataatthe
GuggenhetiAeronauticalLaboratory,CaliforniaInstituteofTechnology,
inthe5-by 5-inchhypersonicwindtunnel,Legnumber1. Hisdatawere
alsofora 50cone,at Ml = 5.8,and0.1<Xc < 1.6.

APPARATUS
.

WindTunnel

TheexperimentsforthepresentworkwereconductedintheNo.4 .
LowDensityWindTunnelof theUniversityofCalifornia.Thiswindtun-
nel,whichisanopen-jetcontinuous-flowtypeemployingsxiallysym-
metricnozzles,hasbeendescribedindetailb severalpublications
(refs.1, 3, 4,and5). Twonozzleswereusedinthetests:theNo.8
nozzle,whichproducesflowsintherange3.7< Ml < 4.1,900< Rel/inch
< 3,600;md theNo.9 nozzle,whichproducesflowsinthersnge
5.5<Ml <5.8, 4,000<Rel/inch<9,000.Actual.valuesoftheflowpa-
rametersobtainedinthetestssxelistedintable1.

Mdels

Alltheconestestedwereof3° semivertexangle.Twosetsof
modelswereused,eachsetconsistingof sevencones.ThetypeA cones
hadbasedismetersof0.500inch,andthet~e B coneshadbasedismeters
of0.750.inch.ThelongertypeB modelsweredesignedprimarilyto in-
vestigatetheinfluenceontheconesurfacepressureoftheexpansion

.
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wavegeneratedattheJunctureof theconicslsurfaceand.thecylindrical
afterbody.

EachconehadfourO.010-inch-diameterpressureorificesspacedcti-
cumferentiallyat 90°intervalsata prescribeddistanceticmitsvertex.
Thevertexdistancesarelistedinfigure2. Alsoshowninthisfigure
isthecollarandsetscrewarrangementat thebaseofthecross-stremn
supportsofthemodelswhichwasusedtoalinethemparallelto theaxis
ofthewind-tunnelnozzle.F@ure 3 showsthetypeA models,together
withan impactprobe,nmuntedon therotsryprobeselectorofthetra-
versemechanism.

Subsequentto itsuseinthepressuremeasurementtests,modelB7
wasfittedwithfourcopper-constantanthermocouplessolderedinthecone
surfaceat 2,3, 4,and5 inchesfh?omthevertex.Thismodelprovided
informationonthewalltemperatureofthecones,whichwasrequiredfor
theboundary-layercalculations.

Scmedifficultywasencounteredinproducingmodelswithsharptips.
Themethodof fabricationwhichwasfoundmostsatisfactorywasan acid
etchingprocess.Aftertheconeshsiibeenmachined,thetipregionswere
etchedby a flattoolcoveredwitha thinfilmofnitricacid.‘1’Ms
methodproducedtipswithdismeterslessthan0.001inch.However,the
etchingwasnotcompletelyuniform.Intheetchedregionsof themodels,
whichextendedbackfromtheverticesshout0.4inch,somelocsl.varia-
tionsin cone sngle of seversldegrees wereobse~ed. Ftiherbackfrom
theverticesall.coneangleswerefoundtobe 3.03°+0.030.

tistrumentation

Conesurfacepressuresweremeasuredwiththetemperature-regulated
thermistormanometerdescribedinreference3. Thisinstrumentwasused
becauseof itssmallgagevolumesmdshorttabulation,whichresultsin
a fastthe response,andbecauseof itshighaccuracyinthemeasuranent
ofthedifferencebetweennearlyeq=l pressures.Thethermistoris
mountedonthetraversemechanimnofthewindtunnel,andpressureswithin
themodelsareledto itthrougha vslvemechsnismontherotsz’yprobe
selector.Theleastcount(0.1mv)ofthepotentiometerusedtomeasure
thebridgeunbalanceofthethermistormeasuringcircuitcorrespondedto
a pressureincrementofabout0.02micronofmercury.Beforeeachtest
thethermistorwascalibratedstaticau agaihsta precisionMcLeodgsge
(ref.6). AnalysisofthethermistorcalibrationdRtayieldeda probable
errorinabsolutepressureofabout1 percent.Ittookabout1 minute
forthecone-thermistorsystemto cometo equilibriumaftera changein
pressurewasimposedona modelbyplacingitintheflow.

.



6 NACATN 4327
“

Wind-tunnelstagnationpressuresweremeasuredwitha mercuryma-
ncmeter.llapactpressuresweremeasuredwitha butylphthalateoilma- .
nameter(ref.7)0 Bothmamnetersareequippedwithmagni~ingoptics
whichmakeitpossibleto locatethemeniscitowithin0.001inch.

NozzleCalibration

Machnumbersandstaticpressuresinthetestregionsofthenoz-
zlesweredeterminedbymeasuringstagnationandimpactpressures,assum- F
ingtheflowtobe isentropic.Foreachflowconditionofthetestsan 4
axialimpact-pressuresurveywasmadeto determinetheMachnumberand
static-pressurevariationsintheregions_occupiedby themodels.

Theimpact-pressuresurveysintheNo.8 nozzlerevealeda region
about8 inchesinaxialextentoverwhichtheWch numbervariationwas
lessthan2 percentandthestatic-pressurevariationlessthan10per-
cent. IntheNo.9 nozzletheaxialextentoftheregionoverwhich
theMachnumberandstatic-pressurevariationswerelessthantheseval-
ueswasabout3.5inches.

TESTPRCCEDURE

Thetestmodelsanda impactprobeweremountedontherot~ probe ,
selectorofthetraversemechanismandallowedtooutgasundervacuumfor
2 days.At thebeginningof a testtheflowwasestablishedandmeasured
by mesnsoftheimpacttube,under“balanced-jet”conditions,whichre-
quiredthatthepressuremeasuredonthewslld.of thenozzlebe equslto

.

thestaticpressureinthechsmbersurroundingtheopenjet. (ThiS bsl.-
snceconditiondidnotalterappreciablywhenthemodelsreplacedthe
impacttubeinthestresm.)

Afterflowwasestablished,thetestmodelsweresuccessivelyro-
tatedintothestresm,andconesurfacepressuresweremeasured.Before
a measurementwasmade,sufficienttime(about10to 15min.)wassnowed
topermitthemodelto cometothermalequilibrium;duringthisperiod
theconepressuredecreasedslowlybecausethecoolingofthemodel
causeda thinningoftheboun&rylayer.

Inthetestsreported,allmodelswerepositionedsothattheir
verticeswerelocatedat thesamepointintheflow.Correctionwas
madefortheaxialgradients.Othertestsweremadetithmodelsposi-
tionedsothattheirrespectivepressureorificeswereatthesameaxial
locationinthestream.Thesurfacepressuresobtainedbythissecond
methodagreedquitewellwiththoseobtainedby thefirstmethod.In
thefirstmethodthecorrectionforexislgradientsinthestresmwas
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accomplishedsimplyby usingthelocalMachnumbersobtainedfromthe. impact-pressuresurveysto deteminevaluesoftheinviscidsurfacepres-
s~e Pc correspondingtotheactuallocationofthepressureorifices.
Thesevalueswereusedwiththemeasuredconepressuresp2 to obtain
theratiop~pc.

Itwasfoundthattheabovecorrectionproceduregaveconsistentre-
sultsprovidedthestaticpressureintheflowat thepointwhereorifices
werelocateddidnotdifferbymorethan10percentfrcanthatat thever-
texofthemodel.Consequently,intheNo.9 nozzle,wheretheaxialex-
tentofusableflowwasabout3.5inches,onlymodelsBl,B2,andB3 were
usedforthefinaltests.No difficultiesaroseonthisscoreinthe
No.8 nozzle.However,itwasobservedthattheexpansion-wavereflec-
tionof thebowshock(thereflectionoccurringintheregionof the
strongdensitygradientwheretheisentropiccoremergedwiththenozzle
boundarylayer)affectedthepressuresmeasuredonmodelsB6 andB7. For
thisreasondataarenotreportedat M = 4 forthesemodels.

ThetemperaturemeasurementsmadewithmodelB7 showedthesurface
oftheconetobe isothermal.Theapparentrecoveryfactor(basedon
inviscid-flowconditions~ and Tc behindtheconicalshock)was
about0.89;theincreaseoverthetheoreticalvalueof0.85forthelsmi-
narboundarylayerisduetoheatconductionthroughthesupportfkm the

.

.

.

modelmounting,

Resultsof
crement(p~pc)
calculatedfrom

whichwasat essentiallystagnationtemperature.

RESULTS

thetestsaregivenintermsof theinduced-pressurein-
- 1. Theinviscid-flowpressuresforthe3° coneswere
VanDyke’ssecond-ordertheory(ref.8),sinceinterr-

elationintheKopsltables(ref.9)between00 ad 5°w= notsuffi-”
cientlyaccurate..Thedataatdifferentflowconditionsareshownplot-
tedagainstx infigure4,&mdinfigure5 againsttheviscous-

interactionparsmeter7C . Mc3~~, where ~ and Re% arethec
MachnumbersndReynoldsnmberbased& idealTsylor-MaccoU.flow
conditions.

Numericalvaluesfortheinduced-pressureincrementareintherange
0.06to 0.30.Theactualmeasuredconepressuresvariedbetweenabout
60and170micronsofmercury.An errorof 1 percentinthemeasured
pressureisequivalenttoan errorintheinduced-pressureincranentof
5 percentormoreformostofthedata,assumingthevaluesof Pc to
be exact,andman ttisitisesthatedthattheover-allprobableerrors
in (P~Pc)- 1 srebetween5 and15percent.Free-streamMachnmbersare
accuratetoabout1 percent;free-streamReynoldsnmhersareaccurateto
about5 percent.
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b additiontotheresultsofthepresenttests,twosetsofdata
takenfromreference1 areshowninfigure6. In figure5 alltheref. “
erence1 datafor5°modelsAl.throughA7 sreplotted.Thedatafrom
reference2,whfcharealsofor5° cones,arerepresentedby a single
lineinfigure5.

DISCUSSION

ExpertientalResults &

Oneconclusionwhichcanbe drawnflroman examinationof figure4
u-J

isthattheeffectoftheshoulderexpansiondidnotextendfarenough
upstresmintheconeboundarylayerto influencetheconesurfacepres-
sures.ThisisevidencedbythefactthatthedataobtainedwiththeB
modelsagree,withinexperimentalscatter,withthoseobtainedwiththe
A MOddS. Itwasnotpossibletodeterminetheextentoftheregionon
theconewhichisitiluencedby theshoulderexpansion,becausethere-
flectionofthebowshockwavebackontothemodelsobscuredtheeffect.
ModelsB6 sndB7,whichweredesignedtou_asuretheupstresminfluence,
werethosemostaffectedby thereflectedwave. Infigure4 itcanbe
notedthatthepressureorificeonmodelB5wasalsowithinthezonein-
fluencedby thereflection.

Thescatterinthedataisprobablyduetoa combinationofexperi- -
mentalerror,imperfectionsintheorifices,andinaccuraciesinthecone
angleinthetipregionsofthemodels.Onemaynotethatthereproduci-
bilityofthedatawasquitegood,as evidencedby theccmrpsrisonsshown *
in figures4(e)and4(f)betweendifferentsetsofmeasurementsmsiiewith
boththeA andtheB models.

It canbe seenfromfigure5 thattheparameterxc providesa
fairlygoodcorrelationforallthedataobtainedintheUniversityof
CaliforniaLowDensityWindTunnel.Thelkch4 datiforthe3°and5°
conesagreequitewell;theMach5.6dataareslightlylower.

It canalsobe seenfromfigure5 thattheinduced-pressureincre-
mentsofreference2 arehigher,by a factorofabout2,thanthoseob-
tainedhere. Onesuggestionwhich,hasbeenadvancedisthatthedMfer-
encesmaybe dueinparttotheinfluenceoftipbluntness.Itistrue
thattheReynoldsnumbersbasedontipdismeterwerehigherinexperi-
mentsofreference2 thaninthepresentone. Theformerweremostlyin
therange65<Retl < 230,whereasallthedatafromtheLowDensity

WindTunnelcorrespondto Ret-<9. However,itseemsunlikelythat
tipbluntnesscouldsccountformuchof thedifference.Theexperiments
on flatplates(refs.10 and11)indicatethatbelowaboutRetl= 60 .

theplatecm be consideredas sharp,smdtheeffectoftipbluntness
hasbeenshowntobemuchlesspronouncedforconesthanforflat
plates(ref.12).

.
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ComparisonsBetween

Threemethodsforcalculating
ployedinthisreport.Thefirst,

TheoryandExperiment

self-inducedpressureshavebeenem-
a newmethoddevisedby thepresent

authorsandcalledtheTCmethod,ispresentedanddiscussedin-appen-
dixA. Thesecond,a methodproposedbyProbstein,isreviewedsndcom-
mentedon inappendixB, aaisthethird,whichhereiniscslledthe
T& method.Sincethedifferencesbetweenthethreemethodsaredis-
cussedintheappendixes,onlythecomparisonsbetweentheoryandex-
pertientarenotedhere.

Itcanbe seeninfigures4 and6 thatthenewmethodforcalculat-
ingself-inducedpressuresg“enerall.yoverest~tesby about10to 20per-
centthedataobtainedinthelow-densitywindtunnel.b contrast,the
TC=methodandtheProbsteinmethodusingtwotermsintheseriesboth
givevaluesgreaterby a factorof about2 thantheexperimental.re-
sults. Thebetteragreementobtainedwiththepresentmethodisnot
surprising;ofthethreemethodsitistheonlyonewhichaccountsin
evenanapproxhatewayforthetrueinteractioneffect,whereinthe
changesb theexternalflowduetothepresenceoftheboundazylayer
feed

with
10).
sion

backintothelayerandalteritsrateofgrowth.

Itmaybe remarkedthatthepresenttheoryhasalsobeencompared
recentmeasurementsof self-inducedpressureson flatplates(ref.
Theagreementwasfoundtobe qtitegood. Theterminthee~res-
for e8 involvingthederivativedM2/dx(seeappendixA) isnot

negligibleintheflat-platecase.Whenitisincluded,thecalctited
valuesOf P2/Pl areincreasedby nearly20percentintheregionnear
theleadingedge. Theeffectofthistermwasoftheorderof 5 percent
atmostforthepresentcase,anditwasneglected.

In figure5,theresultsofthepresenttheo~ arerepresentedby a
singlestraightline,andthegoodagreementbetweenthepresenttheory
andthelow-density-wind-tunneldataisclearlyevident._(Actually,the
individualcurvesof figs.4 and6 whenplottedagainstXc deviated
aboutAZ to 4 percentframthismeanline,butwereverynearlylinear.
Thedeviationsdonotseemto followanyparticulartrendandaremost
probablytheresultof inaccuracieswhichwereintroducedinthe&yaphi-
calpartsoftheanalysis.}

Oneratherinte~estingfeatureofthedataisthattheyappearto
be quttelinearin Xc. Also,thepresentmethodgivestheoretical
curveswhicharemuchmorenearlylinearthaneitherofthetwoother
methods.Itmaybe thattheinteractioneffectresultsina boundary-
layergrowthwhi~hbycoincidencegivesinducedpressureswhichareal-

. mostlinearin Xc,atleastfor Zc < 4.

.
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Ithasbeenshownby Tellbot(ref.1),Rayle(ref.11),andothers
thattheappsrentpressuresensedby a static-pressureorificeincreases
withthedismeteroftheorifice.Thephenomenonisduetomixingbe-
tweenthestresmpassingoverthesurfaceandthefluidconfinedwithfn
theorificesndpressuretabulation.Themomentumtransferredby the
mixingsetsup currentsinthefluidwithintheorificewhichgiverise
to theincreaseinpressure.

Ideally,a static-pressureorificeshouldbe as smallindiameter
aspossible,bothtominimizethishole-sizeeffectandtoprovidea
trulylocalizedpressuremeasurement.However,inrarefiedgasflowif
a pressureorificeismadesmallenoughoneencountersanothereffect
knownas thermaltranspiz%tionwhichcanalsoresultinerrorsinpres-
suremeasurement.Thethermal-transpirationeffectoccurs,forexsmple,
whenanorificewhosedimneterissmsllcomparedwiththemeanfreepath
inthegassepn+testworegionsofgasat_~fferenttemperatures(ref.
14). It iseasilyshownthatinthiscasethepressureratioisgiven
by

(1)

Thestatic-pressureorificesusedinthepresentexperimentswere
0.010inchindiameter.Foran orificeoftl?d.ssize,thepressurein-
crementduetomomentummixingiscompletelynegligible.However,there
isthepossibilitythatthermal-transpirati~neffectsmaybe important,
sincetheboundarylayerisa regionof strongtemperaturegradient,and
manyofthemoleculeswhichentertheorificefromthegasstresmcome
fromregionsintheboundarylayerwhichareat temperaturesdifferent
fromthegaswithintheorifice.

.—

—

—

.

.

A roughestimateofthemagnitudeofthethermal-transpirationef-
fectcanbemadeinthefollowingway. Assumetheboundary-layerchar-
acteristicstobe givenwtthsufficientaccuracyby Howarth’sanalysis
(ref.15}. Foran insulatedcone,with a = 1 and P/P2= T/T2,

Now,”also assumethatthevelocitydistributionin

(2)

{3)
~—

theboundarylayeris
linearin y. Thenthetemperat~eTA ata distance~ fi-mthewall .
isgivenby
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. TA 1 + 0.2I@ -~aq

r=aw l+o.21g

where~ isthemesnfreepathofthegasatthe

As a specific
Re2= 10,000/inch;
2700K. Forthese
Thenfromequation
theboundaryl~er

(4)

wall .

exsmplejtakethefollowingconditions:M2 = 5.5;
P2 = 170micronsofmercury;x = 1 inch;snd Taw=
conditions~ = O.011.inchand 5 = 0.099inch.
(1),pA/~ = 0.994,where PA isthepressurein
and ~ isthepressurewithintheorifice,which

f.f3presUII@)ly~fferentf;om pA becauseofthethermel-transpiration
effect.It Is seenthatforthisparticularcasetheerrorisabout1/2
percent.Fortheworstconditionsencounteredinthetests,theerror
is about2 percent.Actuslly,thisanalysisgreatlyoverestimatesthe
effect,sinceequation(1)istrueonlyfor ~/d>> 1. Fortheexperi-

.M ments~/d= 1, md inthisrangethepressureincrementislessthan
o 10percentofwhatit isin freemoleculeflow. Onemayconclude,
z therefore,thatthepressuresmeasuredintheexperhnentsweretruesta-
y ticpressures,essentiallyuninfluencedby eithermmentummixingor
H
c1 thermsl-transpirationhole-sizeeffects.

CONCLUSIONS.
Theresultsoftheinvestigationofviscousself-inducedpressures

on 3°-semivertex-sngleconesmaybe summarizedas follows:

1.Thenewdataobtainedforself-inducedpressureson 3°conessre
ingoodagreementwithpreviousdataobtainedon5° cones.Allthese
dataarecorrelatedreasonziblywellby thehypersonic-viscous-interaction
paremeterZc = MC3=) where % and Rex areMachnmiberand

c
Reynoldsnmiberbasedon idealTqylor-Ma.ccolJ-flowconditionsand C is
theChapman-Rubesi.nfactor.

2.Thetangent-coneviscous-interactionmodelpredictsself-induced
pressureswhichareonly10to 20percenthigherthanthemeasuredvalues,
iflocalvaluesoftheflowparametersat theedgeoftheboundarylayer
areusedincalculatingtheboundary-layergrowth.

UniversityofCalifornia,
Berkeley,Calif.,June24,1957.

.
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APPENDIXA
.

NUMERICAL-GRAPHICALMETHODFORCALCULATINGSELF-INDUCED

PRESSURESONCONESURFACE

Theself-inducedpressuregeneratedonthesurfaceofa coneinhy-
personicflowbecauseoftheoutwarddisplacementoftheexternalflow —
streamlinesby boundary-layergrowthhasbeenstudiedby severalauthors ~

(refs.16and 17). Theassumptionsusuall.ymadeare: (1)A regionof
W
-1

inviscidflowexistsbetweentheouteredgeoftheboundarylayerandthe
shockwave,ad (2)theflowparameters,suchEMMachnumberorpressure,
attheedgeoftheboundarylsyer(subscript2 infig.1) canbe ob-
tainedto satisfyapproximationsby thetangent-cone(TC)method.The
tangent-conemethodconsistsofrelatingthelocalflowparametersona
bodytotheundisturbedflowaheadoftheshockwavethroughconical-flow
theory(e.g.,Taylor-Maccollvalues),butusingthelocalbodyinclina-
tionas theeffectiveconeangle.Inthecaseof self-inducedpressures
ona coneas showninfigure1,thelocaleffectiveconeangleistaken

()
M*

tobe 62,thesumoftheconeangle 8C =d theangle ea= tan-l~ .

Twocomputationsareinvolvedinutilizingthe‘IVmethodforevalua-
tionof self-inducedpressures.First,theinviscid-flowvsluesmustbe
obtained,forgiveneffectiveconesngle e2,eitherfromtheexactSOIU- “

tion(Kopsl’stables)orby oneof severalapproximatemethods(refs.18
and19)whichareavailable.Secondly,theboundaq-lsyerdisplacement .
thicknessmustbe evsluatedasa functionofpositionalongtheconesur-
fece,andhereagainseveralmethodsofvaryingaccuracyandcomplexity
areavailable.Itwillbe noticedthatthetwocomputationsarenotin-
dependent,sincetheboundary-layergrowthdeterminestheinviscid-flow
valuesattheouteredgeoftheboundarylsyer,butatthessmetimethe

--

rateofgrowthof theboundarylsyerisdeterminedby theseinviscid-flow
values.An accurateapplicationof theTCmethodmustincludethisin-
teractioneffect.

Forthecomputationsoftheinviscid-flowvalues,itwasdecided
tousetheexactTaylor-Maccoll.resultsas camputedby Kopal.Thereare
severalsupersonicandhypersonicflowappromtions inanalyticform
whichareaccurateoverdifferentrangesofthesimilarityparameter
K2= M1~2,butno singleoneissufficientlyaccurateovertheentire
rangeof K2

.
encounteredinthetestsreportedhere.

Forthecomputationofthegrowthofboundary-layerdisplacement
thicknessd8*/dx,itwouldbedesirabletohavea methodwhichtakes
intoaccounttheexternal-flowpressuregradient,thetransverse- *

.
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curvatureeffect,anaccurateviscosity-tmperature
priatevalueforthePrandtlnuniber,sudtheactual
perature.Theformulafor 8* whichisusedhere,

13

relation,theappro-
measuredwalltem-
andtskenfromref-

erence20,fulfillsdl theforegoingrequirements-withtheexceptionof
theconsiderationof theexternsl-flowpressuregradientandtransverse-
curvatureeffect.Theapproximateexpressionof reference20employs
theChapman-RubesinfactarC evsluatedina waywhichgivesclose
agreementwithCrocco~se~ct calculationbasedontheSutherlandlaw.
Theeffectof isothermalwan temperaturedifferentfiantheadiabatic
valueandtheeffectof%andtlnumberarealsoincluded,hutthere-
sultsarevalidonlyforzeropressuregradient.To accountin scune
measurefortheeffectontheboundarylayerofthevariationinthe
external-flowqmntitiesalongitsouteredge,localvaluesofthe
ex&ernal-flowparametersareusedtocslculateM2 and Rex2. This
methoddoesnottskeintoaccountchangesinthevelocity,temperature,
anddensitydistributionswithintheboundszylsyercausedby the
externsl-flowgradients.

MethodofComputation

Thecomputationmethodemployedisa smigraphicalone.

InViscidflow;TC approximation.- Fora givenfree-stresmcondi-
tion(Ml,pl~Tlj=d Rel),plotsof ’22P2/PI)T2/Tl~~d Re2 are
constructedasfunctionsofequivalenteffectiveconeangle (32.In-
terpolationinKopsl’stablesandtheadiabaticlawareusedto obtain
thesevalues.Viscositiesaretakendirectlyfroma plotoftheseti-
empiricalformulaof reference21. Curvesoftheformshownin sketches
(a)and(b)areobtained.

,,%

= Constant

+ ez
o

(a)

t

P2/P~

1

= Constant

= e2
o

(b)
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Boundary-layerdisplacaentthickness.- The
reference20,towhichtheManglertransformation
(ref.22)hasbeenapplied,is-

NACA‘TN4327
.

approxtiateresultOr
correctionl/fi .

where

Taw~= l+d/2(Y-l)M22 2

andtheChapman-RubesinfactirC isdefinedby

—

(A2)

(A3)

Theviscosityw’ isevaluatedattheintermediatetemperatureT!
givenby

T’/Tc= (~/Tc)- 00468u1’3~~/Tc)- (Tm/Tc~ (r- 1)M2- 0.273u z c

.

(A4) -

However,ins-adofusingtheSutherlandlaw,as recommendedinrefer-
ence20,thevaluesofreference21areusedfor V’/WC,sincethe
Sutherlandlawislessaccurateat thelowfree-streamtemperaturesen-
counteredinthepresenttests.TheactuslwalltemperatureTw is
determinedby experiment.

Fora givenfree-streamcondition(Ml,PI,etc.)a setofvaluesof
f32ischosenandforeachofthesevaluesa rangeofvaluesof e~ is

.—

computedusinglocalfree-streamconditionsgivenbyplotssimilarto
sketches(a)and(b}. Theangle E15ispresentedasa functionof x



NACATN 4327 15

foreachselectedvalueof e2 andmaybe representedgraphicallyas
shownin sketch(c).

35

\

‘2= Constant

\

(c)

‘2

/

x= Constant

/

I
I
I
I

I
1

e2 - 68

Thevalueof x appropriatetoa particularvalueof en isthat
forwhich f32- G~= ec,theconemgle. Thus,thevaluesdi~playedin

[1
sketchc arereplottedwith x as a parameterintheformshownin
sketchd . Theparticularvaluesof e2(x)forwhich e2 - ea. eC
arethenusedinconnectionwithsketch(b)to obtainp2/pl as a func-
tionof x,wherep2/pl istheconefree-stresmpressure=atio,in-
cludingtheself-inducedpressure.TheidealTaylor-Maccollpressure
ratiopc/pl,correspondingto e2= ec,canofcoursebe obtaineddi-
rectlyfromsketch(b),or inthecaseofthe3° cones,frcmVanDykets
second-ordertheory.

Discussion

AccuracyofTCmethodforcalculatinginviscidflow.- TheTCmethcd
hasbeenutilizedinitsmostaccurateform,namely,withexactvalues
takenfromtheKopaltables.Thiswasnecessarybecauseneitherthe
hypersonicapproximationofreference
bodyresult(ref.23)issufficiently
unity,whichistherangeencountered
mustbe remeniberedthattheTCmethcd
tiontotheinviscid-flowfield.The
mined (refs.17and24)by comparing

18northeK&=’n-Mooreslender-
accuratefor K2 oftheorderof
inthepresenttests.However,it
itselfprovidesonlyan approxima-
accuracyofthemethodhasbeenex-
resultsobtainedby itforpressure
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distributionsonpointed
of Characteristics.The
slightlyhigherthanthe
distancetiomthevertex
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ogiveswithexactvaluesobtainedfromthemethod
!lWmethodyieldssurfacepressureswhichwe
exactvalues,theLdifferencedependingonthe
oftheogive.At thevertexthetwomethds,

of course,giveidenticalresults;fartherbackthedeviationmaybe of
theorderofa fewpercent.It seemsreasonableto expectthesameto
holdtrueforthepresentapplication,thougha precisecorrespondence
cannotbemadebecausetheeffectiveshapeformedfromtheconeplusthe
boundarylayerisa bluntbody.

It isnotedthatreference2 givesan incorrectinterpretationto
(dp/ds)e=t, w~ere dp/ds

thecorrectionfactorofreference17 A =
(dp/ds)w

representstheinitislpressuregradientatthevertexof a pointedcon-
vexogive.ThefactorA isgreaterthanunity,whichmeansthepres-
surefallsmorerapidlybackfromthevertexaccordingto theexactcd.-
culationthanitdoesscco~ng totheTCmethod.ThustheTCmethod
overestimatesthepressure.Inreference2 thefactoriswrittenincor-

(@/de)ex=t
rectlyas A = (dp/d@)w andfromthisitis Inferredthatthemethod

underestimatesthe-pressure.

Induced-pressureflowmodel.- ThebasicideausedintheTC calcu-
lationforself-inducedpressuresisthattheeffectofboundary-layer
growthontheexternalinviscidflowcanbe evaluatedapproximatelyby
increasingtheeffective10CSLconeangleby theemount
95= tsn-1(d5*/@.Order-of-magnitudeargumentsconcerningtheaccuracy
of thisapproximationaregiveninreferences1-1,16,md 17. Theerror
involvedinreplacingtheactuslstremd-ineinclinationintheexternal
flowby theslope % isestimatedtobe oftheorder(5/x)2)where 5
istheboundary-layerthickness.It alsoturnscutthattheneglectof
pressuregradientacrosstheboundarylayeris“justifiedprovided(5/x)2
is smslU_.

Boun&ry-layercalculations.- Thebounda~-1.ayercalculationsused
inthisreportaccountin somemeasureforthevariationinexternal-flow
propertiesalongtheouteredgeofthebo~darylayerby usinglocalval-
uesfor M2,Re2,pz,andsoforth.However,theexpressionfor ~*/&

(eq.(Al))isonlyapproximate,sincethetermsinvolvingdM2/ti,
dT2/dx,and dRe2/dxhavebeenneglected.Itturnsoutthatforthe
rnsesentcalculationsthesetermscontributean incrementofabout5 per-
~entatthemost

Twoeffects
analysisarethe
theself-induced

to 195,andtheirne@.ectiSnotserious”

whichhavenotbeenaccountedforintheboundary-layer
effectoftransversecurvatureandthedirecteffectof
pressuregradientonthedensityandvelocitydistribu-
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tionswithintheboundarylayer.Boththetransversecurvatureandthe
pressuregradienttendtothintheboundarylayerandthtisresultin
smallervaluesfortheinduced-pressureincrement.Thetransverse-
curvatureeffecthasbeenstudiedby fiobsteinandElliott(ref.25).
Probsteinconcludes(ref.26)ficanhisanalysis,Whichisvalidforsmall
5*/rc,thattransversecurvaturedoesnotappreciablyaltertheboundary-
layerdisplacementthiclmess.Eowever,muchofthepresentdatawerein
therange 5*/rc= 1 - 3,andfor
effectalmostcertainlycannotbe

Inreference27a correction
d% d5*/dxgtves~ = I ,where

41 + 25*/rc
eludingtransversecurvature,andm

thesevaluesthet&nsverse-curvature
neglected.

fortrsmsversecurvatureisdeducedwhich

by isthedisplacementthickness,in-

5* isthedisplacementthicknessonthe
coneintheabsenceof curvatureeffects(i.e.,eq.(Al)ofthisreport).
Thisresultisbasedontheassumption,suggestedby thecalculationsof

reference24,thattheintegrd~=~ -&)&=~~:&m.affectedly

c
transversecurvature.Thentheidentification~ = ~ti is

d& rc ‘c
made,ad theresultfor & citedabovefollowsLmnediately.Ifone
appliesthistr~sversecurvaturecorrectiontothepresentdataitis

seenthatfor ~ = 1 (roughlythelowerlimitofthedata)theresultrc
citedabovepredictsa decreas=$ ininducedpressureof about40percent,

uwhileforthelargestvslue,— = 3,thedecreaseis about60percent.rc
Thesedecrementsinpressuxeseemmuchtoolarge,saditisprobablethat

d~
theassum~tionsusedtoobtain& arenotgoodapproximationsforv~-
uesof ~rc aslargeasthoseofthepresenttests.

Evaluationof resultsof calculations.- Itcanbe seenfromfimres
4(f}and6 thatthemethodgiveninthisappendixyieldsinduced-pressure
incrementswhicharesmallerby factorsofabout1.5to 1.8thanthose
obtainedfromtheProbsteinmd TCmethods.Thedifferenceisduesolely
to theinter=tionprocess,whichhasbeenapproximatedby usi~ 10CSL
vsluesfor M2~Re2~P2~sndsoforthinthecalculationof d5/dx.

An improvementintheaccuracyof thepresentmethodcouldprobably
bemadeby accountingforsameoftheneglectedeffectswhichhavebeen
mentionedintheforegoingdiscussion.Forexample,thecalculatedin-
ducedpressurewouldbe increasedby (1)includingthegradientterms

.
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dMJdx,
forthe

NACATN 4327 .

sadsoforth,intheexpressionfor d8*/dx,and(2)correcting
errorinvolvedintheapprotiationea= tan-l(d5*/dx).Onthe “

otherhand,thecalculatedinducedpressuresw~uldbe decreasedby: (1)
includingthetransverse-curvatureeffect,(2)correctingfortheerror
inthe‘K!approximationfortheinviscid-flowfield,(3)includingthe
pressuregradientacrosstheboundarylayer,and(4)includingthedirect ~
effectonboundsry-layergrowthofthepressuregradientalongtheouter u-“
edgeoftheboundarylayer.

●

✎
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PROBSTEIN‘S AIUILYSIS

APPENDIXB

FORSELF-INDUCED-PRESSURE

Probstein(ref.26)considersa Taylorseriesexpansionofthesur-
pressureistheform

r=
y Ifowj for ~ <1, whichistherange

theLeeshypersonicapproximation5s~ forthederivativesinequation(B2)

(Bl)

[1a2~c/pl) e2 +
1
ET ae2e=G ~”’”

}
(B2)

c
d

encounteredinthepresenttests,
notaccurate,sothatthevalues~

Jobtainedby Probsteincannotbe,
used. Probsteinsuggest;thatf& ‘~ <1 the-ratiopl/pc be ev&-
atedfromtheKopaltables,butthatthederivativesbe evaluatedfrcm

. theK&m&n slender-bodyresult(ref.23). However,thisresultisalso
notsufficientlyaccurate.FollowingVanDykefssuggestions(ref.28)
forcombinedsupersonic-hypersonicsimilarity,a formulaoftheform.

Pc A1rM&~
—=1+~ loge

(F)

%
P1

“~-l

wasusedto fittheKopslvaluesad theVanDykesecond-order-theory

Pvaluesfor pc/plovertherange0.14< 9C Ml - 1 < 0.3,0 < Elc< 0.13
rtian. Theconstsntsfoundwere Al = 1.52~d A2 = 2.85”E~ression
(B3)wasusedtocslculatethederivatives2inequation(B2),andexpres-
sion(Al)wasusedtoevshmte ~ md eb~exceptthatintiscid-flw
vsluesMc,Ret)snd Tc wereusedinstesdofthelocslvalues~~ Re2~
and T2.
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Itwasnecessaryto includeat leasttwotermsintheseries.For
example,with Ml = 3.70,6C= 5°~ .

(B4)

As a checkontheabovevalues,a numericaldifferentiationwasper-
formedona curve constructedfrcxncrossplotsoftheKopal entriesand
the3°valuescalculatedby second-ordertheory,andthevalues3.8and
38wereobtainedforthederivatives.Thefirstofthe6evaluesgaybe
moreaccuratethanthatgivenin equations(B4).Notmuchaccuracycan ‘-
be claimedforeitherset,however. —

TheresultsoftheProbsteinanalysisareshownin figures4(f)and
6. Thefirst-ordercurveswereobtainedusingonlythefirsttezmin
theseries(B2],second-ordercurvesusingtwoterms.Itcanbe seen
thatforsmall-ahglecones(i.e.,small1$)theconvergenceoftheser-

,-

iesisslow.Thisslowconvergenceisalreadyevidentat ~ = 1,as —.
canbe seenfromexaminationofthefunctionspresentedinreference26. .-

As a checkontheProbsteinenslysis,twoinduced-pressuredistri- 7
butionswereevaluatedbywhatiscalledheretheTC=method.In this
methodtheboundsry-layerslope ~ isev~uatedasabove,using
inviscid-flowvsluesof Tc,MC)and Rec (i.e.,thevalueswhichobtain
fardownstreamintheflowfieldexternsltotheboundsrylayer),andis
addedpointby pointto f3ctoobtainez = a functionof X. The
pressuredistributionp2/pl isobtaineddirectlyfroma plotofthe
Kopsllentries. .

TheTC_methodof coursegivesthevsluesthattheProbsteinmethod
shouldconvergeto. As isevidentinfi~.es4(f)and6,theuseof two
termsintheProbsteinseriesyrovidesa f=@rlYgood~~rox~atio~.But ‘ –
themethodofProbsteinisnotveryusefulfor Kc<1 becauseofthe

.—

difficultyindeterminingthenecesssryderivativeswithanyaccuracy.
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TABLEI.- FLOWCONDITIONSOFTESTS

[Stagnationtemperature,300°K.]

Mach
ntier,
Ml

3.70
3.91
3.97
4.05
5.47
5.73

8tatic
pressure,

PI)

microns

m

49.8
73.0
85.1
108.8
66.5
113.3

Reynolds
nuniber
perinch,

Rel

880
1,510
1,860
2,.540
4,530
8,980

aConesemivertexangle 8=,

23

Pressure

ratio,
PclPl

(a)

1.106
1.114
1.117
1.I.20
1.207
1.223

3.03°.



Figure1. - Schematicdrawingof viscousflow over cone.

. .
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L D xl X2 X3 X4 X5 X6 x,

A MODELS 9.50 0.50C 0.75 1.2s 2.00 2.75 3.50 4.00 4.50

B MOOELS 10.75 0.750 0,75 1,25 3.00 4.50 &oij &!30 7.00
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Figure 2. - Model ~pecl,f’lcatlorm,Material,allbrassexceptforl\2-inch-outslde-
dlamete??soft-coPPertube;fours~atlc-pressureorl~lcea0.010lnc~Indiameter
located at 90° intervals on each model at distances Riven in table [dimensions
in inches). N
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(a)Free-streamMachnumber,3.70;free-streamReynolds
numberper inch,880.

Figure4. - Induced-pressureincrementplottedagainst x.
Conesemivertexangle,3°.
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(b)Free-streamMachnumber,3.91;free-streamRe~Olds
numberper inch,I,5~oc

Figure4. - Continued.
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(c) Free-streamMach number,3.97;free-streamReynolds
numberper inch,1,850.

Figure4. - Continued.



30. NACATN 4327
.

.

.3

.2

P2- Pc
Pc

.1

0

0 A MODELS
A B MODELS

A
o

A o

0
A

o 0 4

— —o 2 4 6
x, in.

(d)Free-streamMach number,4.05;free-streamReynolds
numberper inch,2,540.

Figure4. - Continued.
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plotted against viscous-interaction
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Figure 6. - Induced-pressureIncrementplottedagainst x for
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